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Abstract. Two theorems are proved concerning how stationary axisymmetric 
electrovac spacetimes that are equatorially symmetric or equatorially antisymmetric 
can be characterized correctly in terms of the Ernst potentials £ and $ or in terms of 
axis-data. 
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1. Introduction 

One of the most significant advances in the construction of physically interesting 
equatorially symmetric vacuum spacetimes took place in 1995, when Kordas [1] and 
Meinel and Neugebauer [2] independently proved a theorem that allowed one to identify 
such spacetimes from the Ernst potentials on the positive z-axis, the so-called axis-data, 
before the complete solution was constructed. That this result was not extended to 
electrovac spacetimes for over a decade is perhaps a measure of the difficulty of doing 
so. 

Recently, however, Pachon and Sanabria-Gomez [3] articulated but did not prove 
a conjecture concerning the electrovac extension. One of the authors of the present 
paper was suspicious about the validity of the conjecture as stated, especially because 
it seemed not to take account of the fact that the spacetime geometry is not altered 
when the electromagnetic Ernst potential $ is subjected to a duality rotation. Finally, 
we realized that their conjecture is false if one does not replace the ± of those authors 
by our more general coefficient e 2lS . With this alteration, we were able to develop what 
we believe is a genuine proof of the modified Pachon-Sanabria-Gomez conjecture, even 
including an extension to the equatorially antisymmetric case. 
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Definition 1 The stationary axisymmetric spacetime with line element 

ds 2 = [e 2 ^ p \dz 2 + dp 2 ) + p 2 d<p 2 } - f(z,p)[dt - u{z,p)d<p] 2 (1) 

will be said to be "equatorially symmetric" when there exists a choice of the origin such 
that under the transformation 

z-> z' = -z, p-> p' = p, (2) 

the metrical fields f , u and 7 are all even functions of z, and will be said to be 
"equatorially antisymmetric" when there exists a choice of the origin and a constant ujq 
such that under the transformation |||), the metrical fields f and 7 are even functions 
of z, while uj — u is an odd function of z. 

2. Statement and proof of fundamental theorem 

Theorem 1 A stationary axisymmetric electrovac solution of the Ernst equations 

(Re £ + |$| 2 )V 2 £ = (V£ + 2$*V$) ■ V£, (3) 
(ReS + |$| 2 )V 2 $ = (V£ + 2$*V$) • V$, (4) 

is equatorially symmetric if and only if 

£(-z,p)=£(z,p)\ $(-z,p)=e 2i5 $(z, P y i (5) 
where 5 is a real constant, and is equatorially antisymmetric if and only if 

£{-z,p) = £(z,p), ${-z,p) = ±${z,p). (6) 

In the Ernst equations the symbol V 2 denotes the Laplacian and VA • V-B denotes a 
scalar product of gradients in a three-dimensional axisymmetric flat space. 

Proof: Recall that the metrical fields f(z, p), co(z, p) and 7(2, p) are obtained from 
the Ernst potentials £(z,p) and &(z,p) using the equations 

f = Re£ + m 2 , X = lm£, (7) 
= -p.r 2 [x, P + 21m ($*$,„)], lo >p = pf- 2 { X , z + 21m (8) 



and 



7, = \pf- 2 m p + 2<&*<& p )(£* + 2$$;j 

+ (£ Z + 2<S>*$ >Z )(£* +2$$*)] (9) 



P f \^, p % 



pi- 



1 



7,p = lpr 2 m P + 2r$, p )(£* + 2$$; p ) 

-(^ + 2$%)(^ + 2Wy] (10) 

The integrability of (IE]) and of ([9]) and ( jTOl) is guaranteed by the Ernst equations (J3j) 
and (jlj). When we suppress the arguments of functions such as u tZ and u> tP , it is to 
be understood that we mean those functions, the values of which are values of the 
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derivatives of the function oj with respect to its first argument z and its second argument 
p, respectively. 

From (jSJ), one can use <^ to show that f(—z, p) = f(z, p) and x{~ z -> P) — ~x{ z i P)i 
and (by choosing the integration constant appropriately) one can use (JB|) to show that 
lj(—z, p) = u}(z, p). Finally, (by choosing the integration constant appropriately) one can 
use (J5]) and ffTUl) to show that j(—z, p) = j(z, p), thus establishing equatorial symmetry 
In a similar manner, starting with ([6]), one can establish equatorial antisymmetry. 

In order to prove, conversely, that equatorial symmetry implies (JSJ) and equatorial 
antisymmetry implies ([6]), we note that all the diagonal components of the Ricci tensor 
Rij with respect to the orthonormal tetrad 

e 1 = r 1/2 e^dp, (11) 

e 2 = f-^dz, (12) 

e 3 = r V2 pdct>, (13) 

e 4 = f 1/2 (dt-tud(j)), (14) 

are even functions of z both in the equatorially symmetric case and the equatorially 
antisymmetric case, while R\2 is an odd function of z in both cases. On the other hand, 
-R34 is even in the equatorially symmetric case and odd in the equatorially antisymmetric 
case. All other components of the Ricci tensor vanish identically This implies similar 
behaviour of the orthonormal components of the stress-energy tensor Ty, from which 
the following quadratic constraints can be inferred: 

(i) I $ 2 1 2 is an even function of z, 

(ii) |$. p | 2 is an even function of z, 

(iii) Im ($ i2 $* ) is an even function of z in the symmetric case, and an odd function of 
z in the antisymmetric case, 

(iv) Re ($ )2 $* p ) is an odd function of z. 

These results follow directly from a paper of Ernst [4J that was published in 1974. 
There a complex null tetrad that is simply related to the above orthonormal tetrad was 
employed!]]] 

The first two quadratic constraints can be expressed as 

\9 g (-z,p)\ = \®, z {z,p)\, (15) 
\<S> >p {-z,p)\ = \$ p (z,p)l (16) 

while the third and fourth constraints can be expressed as 

<S> >z (-z,p)®* p (-z,p) = -[$, z (z,p)<l>* p (z,p)r (17) 



See the website http://members.localnet.com/~atheneum/gs/gs.html for the source code and output 



of one symbolic manipulation program in which the orthonormal tetrad components of the Ricci tensor 
are evaluated in terms of the metric fields /, oj and 7 and their derivatives, and another program in 
which the orthonormal tetrad components of the stress-energy tensor are evaluated in terms of the 
complex potential <t>. 
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in the symmetric case and as 

p)& p {-z, p) = p)$* p (z, p) (18) 

in the antisymmetric case. 

We note in passing that, using the chain rule, all equations can be rewritten in 
terms of 

m-z,p)], z :=J^[*(-M] = -*,(-*. P). (19) 

[*(-*, P)l P ■■= §- P)\ = P), (20) 

if one wishes to extend the use of comma notation to partial derivatives in general. In 
this case, to avoid ambiguity, one is obliged never to suppress the arguments of the 
function to which partial differentiation is applied. 
Without loss of generality we may write 

* g (z,p) = e^'tihfap), * p (z,p) = e l ^h 2 (z,p), (21) 

and 

%(z,p) = e-^h&p), <S>* p (z,p) = e-^h 2 (z, P ), (22) 

where a, /3, hi and h 2 are all real functions of (z, p). 

By (jl5p and (fT6]) . h\ and h 2 have definite parity, either even or odd. In the 
symmetric case, ffTTl) tells us that 

e i W- z ^-«- z ^/ il (-0,p)^ 2 (-z,p) = -e^« z >fi-ft*>Mh x (z, P )h*(z,p), (23) 
and in the antisymmetric case, ffl8|) tells us that 

S a (-*> p) -ft- s > / ' )] h 1 {-z, p)h 2 (-z, p) = S aM - f>M] hi(z, p)h 2 (z, p). (24) 
These two equations can also be expressed in the forms 

hi(-z,p)h2(-z,p) = -e- 2i [ a+ ^- /3+ ( 2 ^/i 1 (z,p)/ i2 (z,p) (25) 

and 

hi-z^^i-z^) = -e^-^-P^h^p^^p), (26) 
respectively, where 

oc±(z,p) := ^-[a(z,p) ± a(-z,p)], f3±(z, p) := -\J3(z, p) ± 0(-z, p)}, (27) 

are the even and odd parts of a(z, p) and a(—z,p) and of (3(z,p) and (3(—z,p), 
respectively. 

Whatever may be the parities of h\(z, p) and h 2 (z, p), one can show that equatorial 
symmetry implies 

$ z {-z,p) = =fe 2if} +^$ 2 (z,p)\ ®A-z,P) = ±e 2iMz ' p) $, p (z,p)*, (28) 
while equatorial antisymmetry implies 

p) = Te- 2i/3 - (2 ' p) $,,(^,p), $ P (-^,p) = ±e- 2 ^-^$, p (z,p). (29) 
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If we can establish that f3 + (z,p) and /3-(z,p) are constants, then we shall be able to 
conclude that 

$(—z,p) = ± e~ 2l/3+ Q(z, p)* in the symmetric case, and (30) 
$(— z, p) = ± Q(z, p) in the antisymmetric case. (31) 

Noting that both f3 + and (3_ are real functions of (z, p), we may conclude from (1281) 
and ([29]) that 

®, P P±,z - $,zP±, P = 0. (32) 

Writing the Ernst equation for $ and the complex conjugate of that equation in 
the respective forms 



f(z,p)[$ tZ>z (z,p) + p) +p- 1 $ iP (2,p)] 

+ [f >p (z, p) + ip~ x f(z, p) 2 uj, z (z, p)l$ 



and 



■p 

case, 

p^A~ z 

M-*»p) 

<M-^p) 



o. 



p)\ 



o. 



p) +**p,p( Z >P) + P~ 

- [fA z , P) + ip^fi*, P)\ P {z, P)WA Z ' p) 
+ [/,,(*, P) ~ ip~ l f{z, p) 2 "Az, p)WAz, p) 
we can infer that, in the equatorially symmetric 

f(z,p)[<S> >z A-z,P) + p) + 

+ [fA z > p) + ip~ l f( z , p?^A z i p)\ 
+ [fA z i p) - *p -1 /(^ pf^A z i p)\ 

while, in the equatorially antisymmetric case, 

f(z,p)[<s> >z A-z,p) + $,pA- z ip) + p~ 1( M-^p)] 
+ [/,*(*, p) - i P~ 1 fi z ^ p?^A z i p) 
+ [fA z , p) + ip~ l f{ z i p?uA z i p)]®A- z , p) = °- 

Into (1351) we can substitute (1281) and 

*„{-z,p) = ±e 2 ^ z ^[^ z (z,p) + 2zP +tZ (z, P )^ z (z,p)}, 

$pA- z ,P) = ±e 2 ^ (z ^: p A z ,p)+2tP + A z ,P)^P)l 
and then use the resulting equation together with ( |34l) to show that 

$* 2 /?+, z + $; p /3 +iP = o. 

Similarly, into ( 1361) we can substitute ( |29i) and 

$^(-z,p) = ±e- 2 ^-^)[$^(^p)-2i/3_ )Z (^p)^(^p)], 
^p(-^P) = ±e-^-^[«K; PiP (^,p) -2z/3_, p (z,p)$; p (z,p)], 
and then use the resulting equation together with (1331) to show that 



Z ,P) 
-p\ z iP) 



(33) 



(34) 



(35) 



0. 



(36) 

(37) 
(38) 

(39) 

(40) 
(41) 

(42) 
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In either case, because of the reality of /3±, we have 
From ( 1321) and f j4Hl) we infer that 

In the case of a vacuum spacetime, where $ = 0, (jSJ) and ([6]) can be established easily. 
If we are not dealing with a vacuum, then |$, p | 2 + |$, 2 | 2 > 0, so the square matrix is 
invertible, and we conclude that /3± )Z = 0± >p = and the j3± are constants. In particular, 
/9_ = 0. 

At this point we turn our attention to ([7]) and ([8]), which can be shown to imply 
(JSJ) in the equatorially symmetric case and ([6]) in the equatorially antisymmetric case. 
QED 

3. A theorem concerning axis data 

Using Theorem 1 we can now establish the following extension of the 1995 result of 
Kordas, Meinel and Neugebauer: 

Theorem 2 An asymptotically flat electrovac solution constructed from data e + (z) = 
S(z, 0) and f+(z) = $(z, 0) specified on a connected open interval extending to z = +oo 
on the positive z-axis will be equatorially symmetric if and only if 

e + (z)[e + (-z)}* = 1 and f + (z) = -e^[f + (-z)}*e + (z), (45) 

and will be equatorially antisymmetric if and only if 

e+(z)e + (-z) = 1 and f + (z) = ^f+(-z)e+(z), (46) 

where e + (z) and f+(z) have both been analytically extended from the positive z-axis to 
the negative z-axis, and 5 is a real constant. 

Please note that the analytically extended axis-data e + (z) and f+{z) are not in general, 
for negative values of z, equal to the axis values S(z, 0) and $(z, 0) of the Ernst potentials 
of the solution constructed from that axis data! 

Proof: It is useful to reexpress (jSJ) and (EI) of Theorem 1 in terms of the auxiliary 
complex potentials [5] 

^ = TTr 7] = TTs' (47) 

In the equatorially symmetric case 

a-z, p) = pY, V (-z, P) = e 2l5 V (z, p)*, (48) 
while in the equatorially antisymmetric case 

£(-z,p)=Z(z,p) t Ti(-z,p) = ±rt(z,p). (49) 
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We also introduce the auxiliary potentials p) and fj(z,p), where 



i(z, p) := yz 2 + p 2 £(z, p), fj(z, p) := \/z 2 + p 2 rj(z, p), (50) 

and 

P (51) 



z 2 + p 2 ' z 2 + p 2 
In terms of these potentials, ([5]) assume the form 

a-z, p) = i(z, p)*, fj(-z, p) = ee™f,(z, p)*, (52) 
and ([2D assume the form 

i(~z,p) = i(z,p), fj(-z,p) = efj(z,p), (53) 
where e = ±1 and the complex coefficients m n and q n in the power series expansions 

oo oo 

feo) = x;m n z n , 7p,0) = E<^" ( 54 ) 

n=0 n=0 

are directly related to the various gravitational and electromagnetic multipole moments, 
respectively. 

From (152]) and fl54|) it can easily be seen that, in the equatorially symmetric case, 
the coefficients m n must be real for n even and imaginary for n odd, while from (1531) 
and f[5^|) it follows that, in the equatorially antisymmetric case, the coefficients m n must 
vanish for n odd. 

On the other hand, the nature of the coefficients q n depends upon the sign of e. 
When e = 1, the nature of the q n is identical to that prescribed in the last paragraph 
for the m n . When e = — f, the coefficients q n must be imaginary for n even and real 
for n odd in the equatorially symmetric case, and the coefficients q n must vanish for n 
even in the equatorially antisymmetric case. Of course, without altering the spacetime 
geometry one can subject $ to a duality rotation 

$ e i<5 $, (55) 

as a result of which the q n acquire a common constant complex phase e lS . 

We shall apply the method of reasoning developed by Kordas, using the analytic 
character of £(z, 0) and fi(z,0) in a sufficiently small open neighborhood of z = 0. In 
the equatorially symmetric case, for z > we have 

e (z) - 1^*3 _ i -mm m 

e+{Z) ~ 1 + ^,0) "l + zfeO)' (56) 

_ 77(2,0) _ gKM) r , 71 

Analytically extending this to negative values of z, we obtain 

e + (-z) = 1±SZ^) = l+m^T, (58) 

= _ ^(-^,o) = c2t(5 zfj(z,oy 
i-H{-z,o) i-zi(z,oy' 



Equatorial symmetry /antisymmetry of stationary axisymmetric electrovac spacetimes 8 

where we have used (I52p . Therefore, the solution will be equatorially symmetric if and 
only if (|45p hold. The proof that the solution will be equatorially antisymmetric if and 
only if ( H6|) hold proceeds in the same way. QED 

4. Concluding remarks 

One should note that f|45l) and fj46l) of Theorem 2 apply only to asymptotically flat 
spacetimes (up to the NUT parameter), whereas ([5]) and ([6]) of Theorem 1 apply more 
generally. 

An example of an equatorially symmetric electrovac solution is the electrically and 
magnetically charged Kerr [6] solution, while an equatorially symmetric static electrovac 
solution is the magnetic dipole solution of Gutsunaev and Manko [TJ. Finally, an 
example of an equatorially antisymmetric electrovac solution is the binary system of 
'antisymmetric' Kerr-Newman masses of Breton and Manko [8]. We hope that the 
theorems proved in this paper will aid in the construction of many other solutions of 
physical interest. 
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